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By introducing a homogeneous piezoelectric material and its Green’s function, we present a new semi-
analytical three-dimensional perturbation method for general inhomogeneity problems in anisotropic
and piezoelectric solids. This method removes the limitations associated with previous analytical meth-
ods, which often ignore the anisotropic properties or the difference between the material properties of
the inhomogeneity and its surrounding matrix. As an important application, the proposed theory is
employed to calculate the elastic and electric ﬁelds in a truncated pyramidal InAs/GaAs quantum-dot
(QD) nanostructure. Numerical results demonstrate that the anisotropy of the materials and the differ-
ence between the material constants of the QD and the matrix have a signiﬁcant inﬂuence on the strain
and electric ﬁelds. The relative differences of the strain and electric ﬁeld inside the QD between the sim-
pliﬁed isotropic and homogeneous model and the real anisotropic and heterogeneous one may reach 22%
and 53%, respectively. The accuracy of the calculated elastic strain and electric ﬁelds is improved greatly
by a second order approximate solution (OAS). Since the third OAS nearly coincides with the second one,
good convergence of the iteration procedure is demonstrated. Moreover, contours of the hydrostatic
strain and electric potential within and around the QD are also presented and analyzed.
 2010 Elsevier Ltd. All rights reserved.1. Introduction piezoelectric. Therefore, coupling between elastic strains andInhomogeneities in solids are of great interest. Particularly in re-
cent years, considerable efforts have been invested in the study of
semiconductor nanostructures such as quantumwells (QWs), quan-
tum wires (QWRs), and quantum dots (QDs) due to their special
physical behaviors (Bandyopadhyay and Nalwa, 2003; Steiner,
2004; Wang and Voliotis, 2006; Cullis and Midgley, 2008; Duggen
et al., 2008; Shih et al., 2009). Because of the difference between
material properties of the inhomogeneity and its surroundings in
a QD or QWR structure, lattice or thermal mismatch often plays an
outstanding role in the fabrication of these nanostructures (Holy´
et al., 1999; Heidemeyer et al., 2003; Beck et al., 2004; Pan et al.,
2009; Even, 2009). Elastic strain ﬁelds are often coupled with other
physical properties in semiconductor nanostructures (Widmann
et al., 1998; Sharma and Ganti, 2004; Romanov et al., 2006; Garg
et al., 2009; Shi et al., 2009; Zhang et al., 2009). For instance,
semiconductor materials such as GaN, GaAs, InAs, and InN are oftenll rights reserved.
+1 3309726020.
@uakron.edu (E. Pan), jjr19@
Wang), maryxue2010@gmail.electric ﬁelds exists inherently in these nanostructures, i.e. the
strainﬁeld inducedby the lattice or thermalmismatch innanostruc-
tures of these materials will induce an electric ﬁeld, and vice versa
(Yang, 2006; Pan et al., 2007). The relaxation of the misﬁt strain
and consequent electric ﬁeld inside a piezoelectric nanodevice
may change its electronic states and band gaps (Ambacher et al.,
1999;Ma et al., 2007; Lassen et al., 2008; Kurdi et al., 2010). Because
strain has such a material effect on these nanostructures, accurate
methods of predicting the strain in nanostructures and its effects
on their properties are useful.
Distributions of elastic and electric ﬁelds, due to buried nano-
inhomogeneities with misﬁt strains induced by lattice or thermal
mismatch, can be calculated by several approaches including exper-
imental techniques (Wang and Voliotis, 2006; Feneberg et al., 2006;
Capellini et al., 2010), ﬁnite element and difference methods (FEM/
FDM) (Faux et al., 1994; Liao et al., 1999; Benabbas et al., 1999;
Johnson and Freund, 2001), boundary element methods (BEMs)
(Yang and Pan, 2002; Pan et al., 2005), and atomistic simulations
(Migliorato et al., 2002a,b; Rodrı´guez-López et al., 2004; Makeev
et al., 2004; Gates et al., 2005; Pyrz, 2008). Atomistic simulations
are, of course, far more computationally expensive compared to
those employing continuum mechanics, such as FEM and BEM
(Ramsey et al., 2008).
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Green’s functions have also been developed to analyze the strain
distributions in nanostructures (Nozaki and Taya, 1997; Downes
et al., 1997; Pearson and Faux, 2000; Davies, 2003; Pan, 2004;
Chu and Wang, 2005a,b; Wang et al., 2006; Even et al., 2007;
Cheche and Chang, 2008; Liang et al., 2009). These approaches
are typically less computationally expensive than numerical ap-
proaches such as FEM or BEM, but they also involve simplifying
assumptions. One such assumption is to treat the material of the
nanostructures (i.e. QWR or QD) as if it were the same as that of
the surrounding matrix (Downes et al., 1997; Pearson and Faux,
2000; Davies, 2003; Pan, 2004; Chu and Wang, 2005a,b; Wang
et al., 2006; Cheche and Chang, 2008), essentially treating a nano-
structure problem as an Eshelby inclusion problem (Eshelby, 1957;
Eshelby, 1959; Eshelby, 1961). Another common assumption, often
used along with the previous one, is to neglect the anisotropy of
the material in the system either totally (Downes et al., 1997;
Pearson and Faux, 2000; Davies, 2003; Chu and Wang, 2005a,b;
Cheche and Chang, 2008) or partially (e.g. by assuming the
material is transversely isotropic (Even et al., 2007)) A more
comprehensive review is given by Maranganti and Sharma
(2007). The perturbation theory proposed in this paper releases
the aforementioned simplifying assumptions.
The authors have previously used a perturbation theory to ana-
lyze purely elastic nanostructures (Wang and Chu, 2006). In this
paper, we now present a generalized version of this theory so that
it can be applied to inhomogeneous anisotropic piezoelectric struc-
tures. The structure analyzed here is three-dimensional, and the
anisotropy of the materials, the difference between the material
constants of the inhomogeneity and matrix, and the full coupling
between elastic and electric ﬁelds are all considered in this theory.
This paper is organized as follows. In the next section, the funda-
mental piezoelectric equations and the piezoelectric perturbation
are derived. In Section 3, the elastic and electric ﬁelds induced by
lattice mismatch in a truncated pyramidal InAs/GaAs QD structure
are calculated by the proposed method. Numerical results show
that anisotropy and inhomogeneity can have a signiﬁcant inﬂuence
on the elastic and electric ﬁelds. A good convergence is also dem-
onstrated in this section. Conclusions are given in the last section.
2. Theory
Consider an arbitrarily shaped anisotropic inhomogeneity or
QD, occupying regionX, embedded in an inﬁnite anisotropic piezo-
electric matrix which occupies region E3 X, as shown in Fig. 1(a).
Within the regionX is a misﬁt strain ﬁeld c* whichmay be inducedFig. 1. Schematics of (a) the original problem, an arbitrarily shaped anisotropic QD
with lattice misﬁt strain c* in region X with material stiffness CQD embedded in an
inﬁnite anisotropic matrix with material stiffness CM, and (b) the reference
problem, an inclusion with material stiffness CRef embedded in an inﬁnite matrix
under the action of an initial misﬁt strain prescribed in the inclusion region. The
shape and size of the inclusion, and the misﬁt strain in the reference problem are
the same as those in the original problem.by lattice mismatch or thermal mismatch. This problem is referred
to as the original problem in the following. The stiffness tensors of
the inhomogeneity or QD and the matrix are denoted by CQD and
CM, respectively.
In order to solve this problem, a reference system composed of
an Eshelby inclusion embedded in a matrix is introduced here. In
the reference system, the material is an inﬁnite, homogeneous
medium with an eigenstrain ﬁeld c* prescribed in a region X, as
shown in Fig. 1(b). This is referred to as the reference problem in
the following. The eigenstrain c* and the shape and size of the re-
gion X in the reference material are the same as those in the origi-
nal one. Any body forces in the original and reference systems are
identical as well. Since the reference material is homogeneous, the
material constants inside and outside the region X are the same,
and thus denoted by CRef. If piezoelectric effects are ignored, the
reference problem is an Eshelby inclusion problem, which has been
studied by many researchers (Eshelby, 1957; Eshelby, 1959;
Eshelby, 1961; Mura, 1987; Melezhik and Korotchenkov, 2009). If
the piezoelectric effects are considered, some useful results can
be found in the references (Pan, 2002; Jiang and Pan, 2004; Pan,
2004; Wang et al., 2006; Even et al., 2007; Cheche and Chang,
2008; Kuvshinov, 2008). In this paper, we do not focus on how to
solve the reference problem but on the original one. Therefore,
the available methods for the reference problem will be used
directly without detailed explanation.
In the Cartesian coordinate system, the constitutive relations of
a piezoelectric material are
rij ¼ Cijkl ckl  ckl
  ekijEk;
Di ¼ eijk cjk  cjk
 
þ eijEj;
ð1Þ
where rij denotes the stress and Di the electric displacement. ckl de-
notes the strain and El the electric ﬁeld. ckl, again, is the lattice mis-
match strain, which is only nonzero within regionX. Cijkl, eijk, and eij
denote the elastic moduli, piezoelectric coefﬁcients, and dielectric
constants, respectively. Unless otherwise noted, lower case indices
in this paper range from 1 to 3, while upper case indices range from
1 to 4. The summation conventions from 1 to 3 over repeated lower
case indices and from 1 to 4 over repeated upper case indices are
implied. The two expressions in Eq. (1) can be recast into:
riJ ¼ CiJKl cKl  cKl
 
; ð2Þ
with
CiJKl ¼
Cijkl J;K ¼ j; k ¼ 1;2;3;
elij J ¼ j ¼ 1;2;3; K ¼ 4;
eikl J ¼ 4; K ¼ k ¼ 1;2;3;
eil J ¼ 4; K ¼ 4;
8>><
>>:
where ri4 = Di, c4j = Ej, and c4j ¼ 0. The governing equations of
piezoelectric material become:
riJ;i þ fJ ¼ 0; ð3Þ
where fk (k = 1,2,3) denotes the kth-component of the body forces
in the piezoelectric material, and f4 = q denotes the electric charge
density.
The constitutive relation in Eq. (2) can also be expressed in a
matrix form, i.e.
T ¼ C66 e
T
e e33
 
S  GS; ð4Þ
with
T ¼ r11;r22;r33;r23;r13;r12;D1;D2;D3½ T;
S ¼ c11; c22; c33;2c23;2c13;2c12; E1; E2; E3½ T;
Fig. 2. Geometry of a truncated pyramidal QD InAs embedded in the GaAs matrix.
In the numerical example, the upper and lower bases are both square with
AB ¼ 12 nm; A0B0 ¼ 4 nm. The height OO0 ¼ 6 nm. The initial nonzero lattice misﬁt
  
H.J. Chu et al. / International Journal of Solids and Structures 48 (2011) 673–679 675e ¼ 
e11 e12 e13 e14 e15 e16
e21 e22 e23 e24 e25 e26
e31 e32 e33 e34 e35 e36
2
64
3
75; e ¼ 
e11 Sym
e21 e22
e31 e32 e33
2
64
3
75;
where C6  6 is the elastic stiffness matrix. The matrix form of the
constitutive relations is useful for numerical calculations.
The elastic displacements and electric potential for the original
problem and the reference problem are uI and u0I ðI ¼ 1;2;3;4Þ,
respectively. For the QD region X of the original problem, substi-
tuting Eq. (2) into (3) yields:
CQDiJKl uK;li  cKl;i
 
þ fJ ¼ 0: ð5Þ
Similarly, for the region X in the reference problem:
CRefiJKl u
0
K;li  cKl;i
 
þ fJ ¼ 0: ð6Þ
By subtracting Eq. (6) from Eq. (5), we get:
CRefiJKlDuK;li þ CQDiJKl  CRefiJKl
 
uK;li  cKl;i
 
¼ 0; ð7Þ
where DuI ¼ uI  u0I .
By a similar approach, we can get the corresponding equation
for the matrix region, i.e.
CRefiJKlDuK;li þ CMiJKl  CRefiJKl
 
uK;li ¼ 0: ð8Þ
The continuity condition of the elastic stress and electric dis-
placement at the interface between the QD and the matrix in the
original problem is
CMiJKlu
þ
K;lni ¼ CQDiJKl uK;l  cKl
 
ni; ð9Þ
where ni is the direction cosine of the unit normal vector to the
interface and it points from the QD to the matrix. The superscripts
‘+’ and ‘’ indicate that the physical quantities at the interface are
on the matrix side and the QD side, respectively.
The continuity condition of the elastic stress and electric dis-
placement at the interface in the reference problem is
CRefiJKlu
0þ
K;l ni ¼ C RefiJKl u0K;l  cKl
 
ni: ð10Þ
By subtracting Eq. (10) from Eq. (9), we have:
CRefiJKlDu

K;lni  CRefiJKlDuþK;lni ¼ CRefiJKl  CQDiJKl
 
uK;l  cKl
 
ni
þ CMiJKl  CComiJKl
 
uþK;lni: ð11Þ
Combining Eq. (7) with Eq. (8), while noting Eq. (11), it is observed
that the difference of the elastic displacement and electric potential
DuI can be treated as if they were the displacement and electric po-
tential in the reference material due to effective body forces, f 1J and
f 2J , and an effective traction and charge density at the interface, TJ,
where:
f 1J  CQDiJKl  CRefiJKl
 
uK;li  cKl;i
 
in X; ð12aÞ
f 2J  CMiJKl  CRefiJKl
 
uK;li in E
3 X; ð12bÞ
TJ  CRefiJKl  CQDiJKl
 
uK;l  cKl
 
ni
þ C MiJKl  CRefiJKl
 
uþK;lni at oX: ð12cÞ
Hence, DuI can be easily expressed as
DuP ¼
Z
X
GPJf 1J dv þ
Z
E3X
GPJf 2J dv þ
Z
oX
GPJTJds; ð13Þwhere X and E3 X denote the QD region and the matrix region,
respectively, and oX denotes the boundary of the QD, namely, the
interface between the QD and the matrix. GPJ denotes the Green’s
function for the homogeneous piezoelectric reference material with
the modulus of CRefiJKl . The above expression can be simpliﬁed by
Gauss’ theorem to give:
DuP ¼ 
Z
X
GPJ;i C
Ref
iJKl  CQDiJKl
 
uK;l  cKl
 
dv

Z
E3X
GPJ;i C
Ref
iJKl  CMiJKl
 
uK;ldv: ð14Þ
This formula can also be expressed in a compact form as
DuP ¼
Z
E3
GPJ;i CiJKl  C RefiJKl
 
uK;l  cKl
 
dv; ð15Þ
where CiJKl ¼ CQDiJKl in the QD region, and CiJKl ¼ CMiJKl otherwise. If we
choose a reference material properly, such that j CRefiJKlCQDiJKl
 
DuK;lj
jCRefiJKlDuK;lj, Eq. (15) can be approximated by
DuP 
Z
E3
GPJ;i CiJKl  CRefiJKl
 
u0K;l  cKl
 
dv : ð16Þ
Again, cKl vanishes outside the QD region. The expression in Eq. (16)
is an approximate result. If u0P is called 0th-order approximate
solution (0th-OAS), the new result u1P  u0P þ DuP can be called the
ﬁrst-order approximate solution (1st-OAS). Obviously, based on
the 1st-OAS and Eq. (15), we can get the 2nd-OAS, and so forth.
Hence an iterative procedure is established.
If we choose the material of the matrix to be that of the refer-
ence problem, Eqs. (14) and (15) are simpliﬁed to the integral over
X only as
DuP ¼
Z
X
GPJ;i C
QD
iJKl  CMiJKl
 
u0K;l  cKl
 
dv: ð17Þ
If one compares Eqs. (16)–(17), it is apparent that the integration
domain in the matrix has been reduced from E3 to the smaller ﬁnite
domain X. Thus, using the material property of the matrix as the
reference material could substantially reduce the computation time
during the numerical analysis.3. An example
In this section, the elastic and electric ﬁelds in and around a
truncated pyramidal InAs/GaAs QD (Lemaıtre et al., 2004; Adhikary
et al., 2010), as shown in Fig. 2, are analyzed by the proposed meth-
od. The dimensions of this QD are: the side of the square basestrains are c11 ¼ c22 ¼ c33 ¼ 6:9%.
Table 1
The piezoelectric constants of the InAs/GaAs QD structure and the selected reference
material (Ref. Mat.). Since InAs and GaAs are cubic crystals, other constants can be
obtained by the symmetry of the cubic crystal. Parameters Cij are in GPa, while
parameters eij are in C/m2, and parameters ij are in pF/m.
Material C11 C12 C44 e14 e11
GaAs 118.8 53.8 59.4 0.160 110.7
InAs 83.3 45.3 39.6 0.0456 134.7
Ref. Mat. 130.0 30.0 50.0 0. 120.7
Fig. 4. Distribution of the elastic strain component c22 along the line (x1,0,3 nm) in
the InAs/GaAs QD structure for different order approximate solutions. The initial
lattice misﬁt strain is 6.9%.
Fig. 5. Distribution of the elastic strain component c33 along the line (x1,0,3 nm) in
the InAs/GaAs QD structure for different order approximate solutions. The initial
lattice misﬁt strain is 6.9%.
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OO0 ¼ 6 nm.
In the calculation, we select a reference material with its elastic
isotropic constants and permittivity falling in between or near
those of the real materials GaAs and InAs. For simplicity, we sup-
pose there is no piezoelectric effect in the reference material, i.e.
eijk = 0. It should be noted that the reference material is only a ﬁc-
titious material. The material constants of GaAs, InAs and the ref-
erence material are listed in Table 1.
The initial misﬁt strains in InAs/GaAs QD are supposed to be in-
duced by the lattice mismatch and can be calculated by the for-
mula (aInAs  aGaAs)/aInAs  100%, where aInAs and aGaAs are the
lattice constants of InAs and GaAs, respectively. Hence,
c11 ¼ c22 ¼ c33 ¼ 6:9%. The numerical results obtained by the pro-
posed method are shown in Figs. 3–14.
For convenience in explaining the inﬂuence of the anisotropic
properties on the elastic/electric ﬁelds and the convergence of
the proposed method, we deﬁne the relative difference with re-
spect to the second OAS as
gjii ¼
cjii  c2ii
c2ii

 100%; ðno sum on iÞ ð18aÞ
fji ¼
Eji  E3i
E3i

 100%; ð18bÞ
where cjii and E
j
i denote the strain cii and electric ﬁeld Ei, respec-
tively, for the jth-order approximate solution.
The distributions of the strains c11, c22 and c33 for zeroth, ﬁrst
and second order approximate solutions (OASs) along the line
(x1,0,3 nm) are shown in Figs. 3–5. Since the strains for third OAS
nearly coincide with those for the second one, they are not given
here. Due to the symmetry, the strains c11 and c22 at the point
(0,0,3 nm) are equal. This phenomenon can be observed from the
calculation results. For the zeroth OAS, they are both 6.29%; for
the second OAS, 5.48%. The three strains c11, c22 and c33 all
abruptly change at the interface and their absolute values insideFig. 3. Distribution of the elastic strain component c11 along the line (x1,0,3 nm) in
the InAs/GaAs QD structure for different order approximate solutions. The initial
lattice misﬁt strain is 6.9%.
Fig. 6. Distribution of the elastic strain component c11 along the x3-axis in the InAs/
GaAs QD structure for different order approximate solutions. The initial lattice
misﬁt strain is 6.9%.the QD are larger than those outside the QD. The strains c11 and
c33 get their maximum absolute values at the center (0,0,3 nm).
The relative differences between the zeroth OAS and the second
OAS at the center are g011 ¼ g022  15% and g033  17%. After one
iteration, the differences decrease greatly, i.e. g111 ¼ g122  2% and
g033  0:6%. The averages of the relative differences along the line
from (4,0,3 nm) to (4,0,3 nm) are about 12%, 16% and 22% for
g011;g022;g033, respectively. After one iteration, they decrease to
3.7%, 2.2% and 3.6%, respectively.
Fig. 7. Distribution of the elastic strain component c33 along the x3-axis in the InAs/
GaAs QD structure for different order approximate solutions. The initial lattice
misﬁt strain is 6.9%.
Fig. 8. Distribution of the electric ﬁeld component E1 along the line (x1,0,3 nm) in
the InAs/GaAs QD structure for different order approximate solutions. The initial
lattice misﬁt strain is 6.9%.
Fig. 9. Distribution of the electric ﬁeld component E3 along the line (x1,0,3 nm) in
the InAs/GaAs QD structure for different order approximate solutions. The initial
lattice misﬁt strain is 6.9%.
Fig. 10. Distribution of the electric ﬁeld component E3 along the x3-axis in the InAs/
GaAs QD structure for different order approximate solutions. The initial lattice
misﬁt strain is 6.9%.
Fig. 11. Contours of hydrostatic strain on horizontal middle plane (x3 = 3 nm) in the
InAs/GaAs QD structure. The initial lattice misﬁt strain is 6.9%.
Fig. 12. Contours of hydrostatic strain on vertical middle plane (i.e. x2–x3
coordinate plane) in the InAs/GaAs QD structure. The initial lattice misﬁt strain is
6.9%.
H.J. Chu et al. / International Journal of Solids and Structures 48 (2011) 673–679 677Distributions of c11 and c33 along the x3-axis for different OASs
are shown in Figs. 6 and 7. The strain c22 along the x3-axis is always
equal to c11 due to the symmetry of the structure. Hence, it is not
shown here. It is observed that strain ﬁelds have an abrupt change
at the interfaces, i.e. x3 = 0 and x3 = 6 nm, and decrease rapidly with
the increase of the distance from the QD. The two ﬁgures also show
that the convergence of the iteration is very good, and the second
OAS nearly coincides with the ﬁrst one. The averages of the relative
differences here are about 15% and 18%, respectively, for g011 andg033, and they decrease to 1.1% and 1.7%, respectively, after one iter-
ation. The large difference between the zeroth OAS and the ﬁrst/
second one indicates that the anisotropic properties have a great
inﬂuence on the elastic ﬁelds.
Distributions of electric ﬁelds E1 and E3 along the line
(x1,0,3 nm) and the distribution of E3 along the x3-axis are shown
in Figs. 8–10. It should be noted that there are no electric ﬁelds for
the 0th-OAS, since the reference material has no piezoelectric
Fig. 13. Contours of electrical potential on horizontal middle plane (x3 = 3 nm) in
the InAs/GaAs QD structure. The initial lattice misﬁt strain is 6.9%.
Fig. 14. Contours of electric potential on vertical middle plane (i.e. x2–x3 coordinate
plane) in the InAs/GaAs QD structure. The initial lattice misﬁt strain is 6.9%.
678 H.J. Chu et al. / International Journal of Solids and Structures 48 (2011) 673–679coupling, i.e. eijk = 0. The electric ﬁeld E2 along the line (x1,0,3 nm),
and E1 and E2 along the x3-axis are exactly zero. E1 in Fig. 8 does not
vary much inside the QD. Rather, the maximum difference
ME ¼ E31  E11 is 0.045 V/cm at x1 = 5.2 nm, and its corresponding
relative difference f11 is about 53%. Unlike the results for E1, the ma-
jor difference among the ﬁrst, second and third OASs of E3 happens
inside the InAs/GaAs QD, as shown in Figs. 9 and 10. It is observed
from Fig. 10, the relative difference f13 for E3 at (0,0,3 nm) is about
13%. The average of f13 along the line from (4 nm,0,3 nm) to
(4 nm,0,3 nm) is about 15% and decreases to 4.1% with one more
iteration. From Fig. 10, it is noted that the average of f13 for E3 is
about 14% at the central region of the QD, and the average of f23
is about 4.1%. In general, it is observed that the third OAS of the
electric ﬁeld nearly coincides with the second one. Therefore, the
convergence of iteration is demonstrated again.
Contours of the hydrostatic strain c0 = (c11 + c22 + c33)/3 for the
second OAS in the horizontal and vertical middle planes are shown
in Figs. 11 and 12. Actually, we have also analyzed the hydrostatic
strain of the zeroth OAS, and found that they are exact zero outside
the InAs/GaAs QD and constant inside, which arises from the iso-
tropic-homogenous assumption and is further consistent with the-
oretical results and previous reports (Downes et al., 1997; Pearson
and Faux, 2000; Chu andWang, 2005a,b). By considering the aniso-
tropic and inhomogenous properties of the real InAs/GaAs QD
structure, the nonzero region of hydrostatic strain is enlarged, as
shown in Figs. 11 and 12. However, although the hydrostatic strain
c0 is not exactly zero outside the real QD, it decreases rapidly with
the increasing distance from the QD. For example, c0 is less than
0.14% when x1 > 6 nm in Fig. 11. It can be also observed that thehydrostatic strains at the interface region are larger than those at
the center or outside the QD. The maximum magnitude of the
hydrostatic strain in Fig. 11 is about 3.2%.
The contours for the third OAS of the electric potential in the
horizontal and vertical middle planes are given in Figs. 13 and
14. The potential at the point (0,0,3 nm) is assumed to be zero in
our numerical analysis. The symmetry of the potential arises from
the symmetry of the shape of the QD. Based on the results on the
horizontal plane in Fig. 13, the potential reaches its maximum
0.034 V at the point (4.8,0,3 nm) which is outside the QD, and
reaches its minimum 0.040 V at the point (5.2,5.2,3 nm). The
density of contours near the interface, especially near the vertex
is larger than that at other regions. This phenomenon indicates that
the electric ﬁelds at these regions are large, which is consistent
with previous results shown in Figs. 8–10.
From Figs. 3–7, the curves of strains of different OASs show the
iteration procedure has very good convergence. As mentioned
before, the curves of the strains of the 3rd-OAS, which are not
shown here, nearly coincide with those of the 2nd-OAS. The large
difference between the zeroth and the 2nd-OAS indicates that
the anisotropy and inhomogeneity have a great inﬂuence on the
elastic ﬁeld, which in turn inﬂuences the electric ﬁelds. According
to the results shown in Figs. 8–10, the differences of the electric
ﬁelds between the 2nd-OAS and 3rd-OAS are small enough to be
neglected, and therefore, 2nd-OAS provides a good result for both
elastic and electric ﬁelds. It should be mentioned that the conver-
gence of iteration can be inﬂuenced by many factors, such as the
properties of the real materials, the properties of the reference
material, and the shape of the QD. Hence, the convergence proper-
ties of the iteration may be different for different structures.
4. Discussion and conclusions
In this paper, a three-dimensional piezoelectric perturbation
theory is presented to calculate the elastic and electric ﬁelds in
QD nanostructures, based on a proposed reference material and
its corresponding Green’s function. In this theory, the inﬂuences
of anisotropy, the differences in material properties between the
QD and matrix, and piezoelectric effects are all considered. Numer-
ical results for the InAs/GaAs QD nanostructure show that the elas-
tic and electric ﬁelds are strongly inﬂuenced by the anisotropy of
the QD structure and the differences between the material proper-
ties of the piezoelectric QD and matrix. It is demonstrated that
both the strain and electric ﬁeld in the InAs/GaAs QD structure ob-
tained by the second-order approximate solution are accurate en-
ough. Numerical results also show that the density of contours of
the electric potential at and near the interface is much larger than
in other regions.
Furthermore, this method is very general and is applicable to
various piezoelectric inhomogeneities in nanostructures. The inho-
mogeneity can be in any geometric shape and, both the inhomoge-
neity and matrix can have any elastic or piezoelectric anisotropy.
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